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Let SL be a bounded open domain in R” and g: R + x Q x R -+ R be a 
function such that 
g(t, x, u)u 3 0, V[r..u,u]~R+ xQxR. (1) 
We consider the semi-linear hyperbolic problem 
u,,-Au+g(t,x,u)=O, (t. x) E R + x Q, 
(2) 
u = 0, (1, x) E R + x JQ. 
Under some regularity conditions on g, it has been shown in [l] that all 
solutions of (2) (defined in a relevant sense) are oscillating glohafly as time 
evolves, in the sense that if 
u( t, x) 3 0 a.e. on ]a, h[ x Q, (3) 
then either u-0 or 
h-adn/Ji,, (4) 
where 1, denotes the first eigenvalue of ( -A). In the first part of this paper 
we give a detailed proof of this result, in a slightly generalized form which 
allows us, for example, to consider perturbations of the Klein-Gordon 
equation in all of R”, or the vibrations of a string with fixed ends against a 
straight obstacle. The method given here should also be applicable to other 
situations such as higher order in space or some types of non-local non- 
linearities. It is more or less related to the classical theory of oscillations for 
elliptic problems (cf., e.g., [7]) and does not require a very sharp analysis 
of the properties of the linear part. 
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The problem of local oscillations is of a quite different nature and has 
been studied thoroughly in [3] when Q = 10, c[ and g is odd as a function 
of u, non-decreasing in u, and independent of x. There we established that 
for any solution u of (2) and x0 ESZ the function u(t, x0) must either be 
identically zero or take both positive and negative values on any interval 
[a, a + z] with 
The proof makes an essential use of the one-dimensional structure and it 
has been proved later in [6] that no such result is available, even for ZJ a 
C” solution, if n > 2. On the other hand, in [2,5] we announced two 
generalizations of the main result of [3]: 
(1) The existence of a uniform, local oscillation time for spherically 
symmetric solutions when 52 is a ball in R” (centered at 0) and g(t, x, u) = 
A( llxll)u for some 2 > 0. 
(2) The existence of a uniform, “semi-global” oscillation time near 
the boundary when u is an arbitrary solution of (2) and 52 any bounded 
domain. This means that, at least when g= 0, there exists a certain time 
length L, depending on diam(Q), such that if u solution of (2) remains 
non-negative in a neighborhood of &S during an interval of time > L, we 
must have u z 0 throughout R x 52. 
The second and third sections of this paper are devoted to detailed 
proofs of these two results. Unfortunately our present techniques are 
limited to an essentially linear framework but in the cases treated the 
results are optimal. We hope that a suitable improvement of the methods 
will later on allow us to cover the semi-linear cases as well. 
1. A “GLOBAL" OSCILLATION RESULT 
In this section, we consider a positively measured space (Q, dv) and the 
real Hilbert space H = L2(f2, v) endowed with the inner product defined by 
VUEH,VVEH, (u, 0) = J, 4x)4x) de). (1.1) 
Let V be a Banach space such that 
VGH and PH=H. 
The isomorphism H’ % H identifies H with a subspace of V’ and we have 
HG V’. 
OSCILLATORY PROPERTIES OF THE WAVE EQUATION 89 
Let (z, u) denote the duality pairing applied to z E v’, u E V. We have 
VhEH,QoE V, (h, u > = (k 0). (1.2) 
We now consider A E 9’( V, V’) such that 
VOE V,Vq?E v, (Au, cp> = <Am u>, (1.3) 
an open, bounded interval J= ]a, b[, and a “time-dependent operator” 
B: Jx I/+ I/’ such that 
VfE w, V), B(~,~(?))EL~(J; V’). (1.4) 
We also introduce 
K={u~H,u(x)>O,v-a.e.inSZ} 
Q=Jx52, dp=dt@dv 
c% = L’(Q, PL), V = H;(J; V), 
X = {u E 2, u(t, x) > 0, p-a.e. in Q ). 
By definition, if y E v’, we write [ y 2 0] if y is such that 
VUE Kn V, (Y, u> 20. (1.5) 
In the same way, if z E Y”‘, we denote by [z 3 0] the property 
VWEXXV, (G w> >o, (1.6) 
where the symbol ( , ) denotes the duality pairing on Y’ x -Y. The proper- 
ties [ y < 0] are defined in an obvious way from the above. 
Finally, we define 
The main result of this section can now be stated as follows 
THEOREM 1.1. Let H, V, A, and B be as previously and assume that in 
addition there exist (cp, 6, I) E V x R x R such that 
qcKo,Aq~H, Aq-acp>,O (1.7) 
V[t, u] E Jx (Kn V), B(t, u)-Au>,0 (1.8) 
A+a>O. (1.9) 
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Let u: J x 52 + R be such that 
u E C(J, V) n C’(J, H) and u(t) E K, Vt E 9 
u” + Au(t) + B(t, u(t)) d 0 in the sense of V’. 
Then at least one of the following conclusions is satisfied: 
u(t, .) = 0, VtEJ 
(1.10) 
(1.11) 
(1.12) 
1 J( = b - a < X/J,? + a. (1.13) 
Proof: We assume for convenience J= [0, T], T> 0. Let w = z/T> 0 
and apply the inequality (1.11) to the test function 
sin co@(x) E Y n 37. 
We obtain easily as a consequence of (1.2), (1.3), (1.7), and (1.8) the 
inequality 
(u”, sinwt#(x))< -(c~+i.)J~~sino,t(u(t), cp)dt. 
On the other hand, we have 
(u”, sin otcp(x)) 
= - oT (u’(t), I cocos wtcp(x)) dt 
(1.14) 
= -fJj 2 s dsin 44th cp) dt + d(u(O), cp) + (u(T), ~~11. 
Since u(O) and u(T) E K we deduce 
(u”, sin otp(x)) > --co2 /‘sin ot(u(t), 9) dt. 
0 
(1.15) 
By comparing (1.14) and (1.15) we obtain 
Ca+il-021 loT sin @u(t), cp) dt d 0. (1.16) 
Assume that (1.13) is not fulfilled. Then o+A-(n/(JI)*>O and (1.16) 
yields 
VtEJ, sin cot( u( t), cp) = 0. (1.17) 
Since cp E K”, and u satisfies (l.lO), we conclude that (1.12) is fulfilled. 
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We now apply Theorem 1.1 to various examples of perturbed wave 
equations. 
EXAMPLE 1. Let 52 be a bounded open domain of R”, n 3 1, and denote 
by A, the first eigenvalue of (-A) in H;(Q). We obtain the following result: 
THEOREM 1.2. Let J be as above and a: Jx S2 + R be a measurable 
function such that 
a( t, x) E L’(J, L”“(Q)) 
EssInfa(t,x):=c> -k,. 
JxR 
(1.18) 
(1.19) 
Let u E C(j, HA(O)) n C’(J, L*(Q)) be such that 
u,, - Au + a( t, x)u = 0 in ~‘(Jx Q). (1.20) 
Then if I JI > z/J=, we have either u s 0 on J x Q, or 
and 
meas({(t,x)EJxQ,u(t,x)>O})>O 
meas(((t,x)EJxQ,u(t,x)<O))>O. 
(1.21) 
ProoJ: We apply Theorem 1.1 with v the n-dimensional Lebesgue 
measure, H= L2(sZ), V= HA(Q), Au= -Au for all UE P’, B(t, u)(x)= 
a(t, x) U(X) for all u E V, and Y = Hh(J; HA(G)). 
The hypotheses are satisfied with cp any positive solution of 
(PE K -Aq=I,,cp (1.22) 
and cr = c, A. = A,. It is clear under hypothesis ( 1.18) that B satisfies 
property ( 1.4). 
COROLLARY 1.3. Let Q, J be as above and g E C’(Jx 0 x R) be such that 
V(t,x,u)EJxQxR, g(t, x, u)u 2 0 (1.23) 
V(t,x,u)EJxQxR, Ig,(t, X? UN G C(l + 14’) (1.24) 
for some CER+ and y 20 with (n-2)7 ~4. Zf UE C(.J, HA(O)) n 
C’(.J, L*(Q)) is a solution of 
u,,-Au+g(t,x,u)=O in g’(I x Q), 
and IJI > n/A;, then either u -0 or (1.21) is satisfied. 
(1.25) 
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ProoJ: We just set 
I 
g(t, x3 46 x)) if u( t, x) # 0 
a( t, x) = 44 x) 
0 if u(t, x)=0 
(1.26) 
and since a satisfies (1.18) and (1.19) with c= 0 we can apply Theorem 1.2. 
Remark 1.4. (a) The result of Corollary 1.3 (hence also Theorems 1.1 
and 1.2) is optimal since if we set g 3 0, the function u(t, x) = 
sin(fit) v(x), cp > 0 solution of (1.22) is a solution of (1.25) with Dirichlet 
boundary conditions which is nonnegative on [0, IL/&] x 0 and positive 
on IO, 4Jzc x Q. 
(b) In case g satisfies (1.24) with (n -2)~ < 2 instead of 4, it is 
classical that the initial value problem associated with (1.25) is well-set at 
least locally for any (u,,, uO) E Vx H. If the solution u exists on [O, T] with 
TM/& d an u0 20 a.e. in Q, u0 ~6 0, then from Corollary 1.3 we con- 
clude that meas {(t, x) E 10, T[ x Sz, u(t, x) < 0} > 0. On the other hand, if 
u0 takes both >O and <O values, then Corollary 1.3 provides no infor- 
mation on the oscillation properties of u (for example, if u is continuous on 
Jx 52 we already know the conclusion). 
This remark leads us to study the behavior of u(t, x,,) as a function of t 
for fixed x0 ~52. For more detailed information about this problem, cf. 
Remark 1.8 and Section 2 below. 
EXAMPLE 2. Let Q = R”, n 2 1, J as above, and a: Jx R” + R be a 
measurable function. 
THEOREM 1.5. Assume that a satisfies 
3k > 1, k > n/2 with a E L*(J, Lk(R”)) + L*(J, L”(R”)) (1.27) 
EssInfa(t,x):=c>O. (1.28) 
JXR” 
Let UE C(j, H’(R”))n C’(z L*(R”)) be a solution of (1.20). Then if 
1 JI > II/& and u & 0 on J x 52, (1.21) is satisfied with 52 = R”. 
Proof: We take for v the n-dimensional Lebesgue measure, H= L*(R”), 
V= H’(R”), Au = -Au for all u E V, and B(t, u)(x) = a(& x) u(x), VUE V. 
Here Y = Hh(J; H’(R”)). It follows from (1.28) that (1.8) is satisfied with 
A = c > 0. Let us show that (1.7) is fulfilled with e < 0 arbitrary close to 0. 
Let 
tw)= (I+ lI4IY, a2 1. 
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If a is large enough, then JI E H’(R”). Also a straightforward computation 
in sperical coordinates shows that 
In particular, for a fixed large enough, we have 
Vx E R”, I4e)l GM Ivm)l- 
Then the function (PJx) = +(8x) satislies 
Vx E R”, I&AxN G M&2v,(x). (1.29) 
Now (Pi E H’(R”) is >O everywhere for any E > 0. We conclude from this 
remark and (1.29) that for any 6 > 0, there exists cp E HZ n C”(R”), cp > 0 
everywhere, such that - dq > -6~ on R”. 
As a consequence of Theorem 1.1, if u 2 0 solution of ( 1.25) in 
C(.& H’(R”)) n C’(J, L2(R”)) is such that u & 0 on Jx R”, then 
1 JI < n/&ii V6 E 10, c[. (1.30) 
By letting 6 + 0 in (1.30) we conclude that I JJ d x/,/-c. Hence the proof of 
Theorem 1.5 is completed. 
Remzrk 1.6. Theorem 1.5 does not give any information when c = 0. 
Actually if a(t, x) E 0, there exist positive solutions of (1.20) in 
P(R, Y(R”)). 
For example, if n = 1, for any c E Y(R) such that c > 0, the function 
u( t, x) = [(t + x) is a positive solution of ( 1.25). 
EXAMPLE 3. Let Sz = ] - 4, f[ and h > 0. We are interested in “energy- 
preserving” solutions u of the problem 
u E C(R, HA(G)) n W’@(R, L2(Q)) 
Utr-UXXE -g(u) in g’(R x a), 
(1.31) 
where g is multivalued and defined by 
1 
0 if U> -/I 
g(u)= l-%01 if u= -h (1.32) 
0 if U< -h. 
The Cauchy problem associated to (1.31) modelizes the vibrations of a 
finite string with fixed ends (-f, 0) and (t, 0) against the obstacle 
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(u< -h} in the plane OXU, and the correct formulation has been 
introduced in [S]. 
It follows from (1.31) and (1.32) that any solution u of (1.31) is such that 
Ut,-Uu,,>O in the sense of g’(R x a). (1.33) 
By applying Theorem 1.1 we obtain 
COROLLARY 1.7. For any initial data (u,, v,,) # (0,O) allowing one to 
solve the Cauchy problem associated to (1.31) in the sense of [8], and any 
open interval Jc R with IJI > 1, the solution u is such that (1.21) holds true. 
Proof: If u > 0 a.e. on J x Q, then u is a solution of u,, - u,, = 0, and if 
IJI > 1 we conclude immediately that u - 0 as a consequence of 
Theorem 1.2 (or Corollary 1.3). 
If u < 0 a.e. on J x Q, let v(t, x) = -u(t, x). We apply Theorem 1.1 with 
Q = 10, l[, v the l-dimensional Lebesgue measure, V= HA(Q), Au = -u,, 
for all u E V, and B = 0. As a consequence of ( 1.33), v fulfills (1.1 1 ), and of 
course (1.7) is satisfied with c = 7t2. Hence if IJI > 1, we have (1.12) and the 
conclusion follows. 
Remark 1.8. (a) Corollary 1.7 generalizes [2, Proposition 4.9, p. 771 to 
the case of arbitrary initial data in Vx H. 
(b) In the three examples, we do not gain any information on the 
solution if u,, does not have a constant sign. In [ 11, the existence of a 
“uniform oscillation time” has been shown for all the functions u(t, x0), 
where x0 E B = 10, l[ is fixed and u is a solution of a semi-linear wave 
equation with Dirichlet boundary condition. On the other hand, it is 
shown in [6] that no such result is valid for n > 1, since even when D is a 
rectangle in R2, there is no “uniform oscillation time” for the functions 
u(t, x0) with X,,E 0 and u a smooth solution of the linear wave equation 
u,, - Au = 0. 
(c) In case 52 is a bull in R”, uniform oscillation results for the 
functions u( t, x,), where x,, E Q and u is a spherically symmetric solution of 
u,, - Au + L(r)u = 0 with Dirichlet boundary conditions, were announced in 
[2]. The proof of these results will be given, in a more general form, in 
Section 2. 
2. SPHERICALLY SYMMETRIC SOLUTIONS IN A BALL 
Throughout this section, a will denote a ball in R”, n 2 1. Without loss 
of generality we may assume that Q = B(0, 1). 
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We denote by L:(a) the (closed) subspace of L2(s2) consisting in 
spherically symmetric functions and we set 
V, = HA(Q) n Lf(S2). 
For any u E L:(Q) there is a unique function UE Lf,,(O, 1) such that 
u(x) = U([xj) a.e. in Sz. We shall sometimes write u instead of ii, which 
means that we shall consider u alternatively as a function D -+ R or 
10, 1 [ -+ R. It is well known that V, c C(D\ (0 } ) and more precisely 
V&E IO, 1c, vrcc(a\{lxl <E)). (2.1) 
We will investigate the (local) oscillation properties of solutions to 
UE C(J, V,) (2.2 
u,,-Au+hu=O in ~‘(Jx Q), (2.3) 
where J is an open interval and h E L2(J, L:(Q)). 
2.1. Oscillations Near the Boundary 
We consider separately the cases n = 2 and n >, 3, which require different 
techniques. 
2.1.1. The Case n > 3 
In order to properly state our results we need some regularity properties 
of the solutions to (2.2b(2.3). We begin with a simple preparation lemma. 
LEMMA 2.1. Assume n 2 3. For any u E V,, define Tu(r) = r(“.- 1’i2u(r). 
Then TE LZ( V,, Hh(O, 1)). 
ProoJ: Let u E 9(Q) n I’, and u = Tu. Obviously v E $,(O, 1) with 
b-e IO, 1E, 
Id( = r”-l (u’2(r)+[((n-1)/2r)u(r)]2+((n-l)/2r)(u2)’}. 
By integrating the last term by parts we find 
ji Iv’(r)(2dr=ji {u12-(n-l$-3)u2)rnp1 dr 
y-&j- IW2 dx. 
R 
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Hence It 0 II H;(o,~ ) -. < c IbIt v,* Then Lemma 2.1 follows by density of 
C@(Q) n V, in V,. 
Next we prove 
LEMMA 2.2. Assume that J is bounded and let u be a solution of 
(2.2~(2.3). We set 
v( 1) = Tu( t), VtczJ (2.4) 
- - k(t, r) = 4 1 t, 4 + (n )(n 3) 
4r2 , VtEJ,VrE]o, 1). (2.5) 
Then v has the following properties: 
v E C(J, H:,(O, 1)) 
v,, - v,, + kv = 0 in ~‘(Jx 10, 1[ ). 
For any r0 E 10, 11, v( t, rO) and u( t, rO) 
(2.6) 
(2.7) 
P-8) 
Cresp. v,(t, ro) and #At, 41 are well-defied in H’(J) [resp. L2(J)]. 
ProoJ: Property (2.6) is a consequence of Lemma 2.1 and (2.7) follows 
from an obvious computation (note that kEL’(Jx [E, I]) for all 
EE IO, 1C). 
Properties (2.8) are immediate consequences of (2.6~(2.7) and 
Proposition 1.1 of [3] applied to v in suitable domains. 
Lemma 2.2 immediately implies the following 
THEOREM 2.3. Assume h E L’(J; L:(Q)) n L’(J, L”(Q)) and let u f 0 be 
a solution of (2.2)-(2.3). A ssume in addition that h 2 0 a.e. on J x rR with 
hELCOIJx(SZ\{lxJ GE})] forall EE]O, l[. 
Then for any interval Zc J with IZl> 2 we have 
Meas{teI, u,(t, l)>O)>O and Meas{tEI, u,(t, I)<O} >O. (2.9) 
Proof: It is sufficient to prove the first inequality of (2.9) when 
Z= J - 1, I C. We use the notation of Lemma 2.2 and we set 
w(t, r) = v(t, 1 - r) for (t, r)E Jx 10, l[ 
k(t, r) = h(t, I- r) a.e. on Jx IO, 1 [. 
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Assuming that the first inequality of (2.9) fails we obtain 
w,, - w,, = kw in Q’(J x 10, 1[) 
w( t, 0) = 0 onJ 
w,(t, 0) =: q?(t) 2 0 a.e. on I 
k>O a.e. on J x 10, 1 [I. 
Let EE 10, l[: on applying Lemma 1.3.2 of [3] in the triangle 
((t, r), r + (tl < 1 - E} we obtain the inequality 
(2.10) 
By letting E + 0 in (2.10), since ~(0, .) E HA(O, 1) we obtain 1’ 1 q(s) ds = 0, 
hence cp = 0 a.e. on I. 
Applying again Lemma 1.3.2 of [3] we conclude that w 50 on 
((f,r),r+l4Gl), h ence ~(0, r) = w,(O, r) = 0 a.e. on 10, l[ and therefore 
u(0) = u,(O) a.e. on 8. As a consequence of the hypothesis h E L’(J; L”(Q)) 
we have hu E L’(J; L’(Q)). Therefore a straightforward application of 
uniqueness of (2.2~(2.3) for hu=f fixed combined with, for instance, 
Lemma 11 of [4, p. 1151 (cf. also [9]) yields uz 0 on Jx Q. This 
contradiction with u & 0 completes the proof. 
In the semilinear case we obtain the following. 
COROLLARY 2.4. Let n > 3, J as previously, and gc C’(Jx [0, l] x R) 
with 
V(t,r,u)EJx[O,l]xR, g( t, r, u)u 2 0 (2.11) 
V(t,r,u)EJx[O,l]xR, I g,(f, r, u)l G CC1 + 14’) (2.12) 
for some CER+, 06 y <2/(n-2). Let u f 0 he a solution of (2.2) and 
u,,-Au+ g(t, 1x1, u)=O in ~‘(Jx Q), (2.13) 
then for any interval Zc J such that II) > 2 we have Property (2.9). 
Proof We define h by 
h(t, x) = g(t, I4 4~ x))lu(t, x) if u(t, x) #O 
h( t, x) = 0 if u( t, x) = 0. 
It follows from (2.11)-(2.12) and Sobolev’s imbedding theorem that h 
fulfills the hypothesis of Theorem 2.3. The result follows immediately. 
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2.1.2. The Case n = 2 
When n = 2 the above method fails since k given by Lemma 2.2 is no 
longer 20. In this case we obtain a similar result, limited to those solutions 
of (2.2)-(2.3) which satisfy some additional regularity conditions. 
THEOREM 2.5. Assume n = 2, h E C(rx Q), and let u E C’(f x W) be a 
solution of (2.2)-(2.3). Then the conclusion of Theorem 2.3 is still valid. 
ProoJ We assume by contradiction that u,( t, 1) > 0 on I= ] - 1, 1 [ c J. 
Then 
u/t - urr -(l/r)u,+hu=O in 9’(Jx 10, l[) 
u(t, I)=0 onJ 
u,(t, 1) := cp 2 0 on Z. 
Therefore if we introduce for t E J, s E 10, 1[ 
v(t, s) := -u(t, 1 -s); ii(t,s)=h(t, 1 -s) 
we obtain 
v,,-v,,= (l/(1 -s)}v,+Kv in 9’(Jx 10, l[) 
v( t, 0) = 0 onJ (2.14) 
v,(t, 0) = rp B 0 on I. 
Let T= ((t,s), Jtl +s< l}. For any (t,s)ET, we have by formula (1.1.2) in 
131 
v(t, s) = f [‘TS q(z) dz 
I s 
v,(o, r) + h(o, r) v(o, r) do dr, 
hence 
V,(t,o=f[iQ(f+S)+(p(f-s)J 
+Jijj-&[v,(t+s-r,r)+v,(t-s+r,r)] 
+li(t+s-r,r)v(t+s-r,r)+@t-s+r,r)v(t-s+r,r) >I dr . 
(2.15) 
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We set w(t, x) = (u,)-(t, s). Then as a consequence of (2.15) and (2.14) we 
find 
w(t, s,<’ 2j+{w(f+s-r’r)+w(1SCr,,r)}dr 
+K{: {u-(t+s-r,r)+U(t-s+r,r)} dr. 
In addition, we have the obvious inequalities 
I 
r 
K(t+s--r,r)< w(t+s-r,o)dn 
0 
s 
r 
u (t--s++, r)d w(t--s+r,cr)da. 
0 
Hence for any (t, S) E T with s E [0, 1 - S], where 6 > 0 is fixed, we obtain 
w(t,s)<C, d{w(f+s-r,r)+w(f-s+r,r)}dr 
s 
+ c2 j; j; { ( w t+s-r, g)+ w(t-str, o)$ dadr. 
By integrating the above inequality in t E [ 1 - s, 1 + s] and introducing 
l(s) = j,‘~;,; w(t, s) dt, 
5 
we obtain after suitable rearrangement 
4s) < C, I’ 40) da, VSG [IO, l-S]. 
0 
Therefore L(s) = 0, Vs E [0, 11. Hence u, > 0 on T and u 3 0 on T. 
Also since u(O)E C,(8)n V/, we have u,(O, 1) =O. Applying (2.15) with 
t=O, s~]O,l[ we find 
u,(O, s) >, L js 
2 0 u,(s - r, r) dr 
and by letting s -+ 1 we deduce 
u,( 1 - r, r) = 0 for all r E [0, 11. 
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By applying then (2.15) with t = 1 - S, 0 < s < 1 we obtain 
Vse [0, 11, VrE [0, 11, v,(l-2s+r,r)=O. (2.16) 
Therefore us = 0 in T, hence v E 0 in T and then u E 0 on Jx D by an 
argument similar to the end of proof of Theorem 2.3. This contradiction 
completes the proof. 
COROLLARY 2.6. Ifn = 2 and g satisfies (2.11) and (2.12) for some y > 0, 
the conclusion of Corollary 2.4 is still valid for any u solution of (2.2) and 
(2.13) with u E C’(Jx a). 
Proof We apply Theorem 2.5 with h defined by 
h(t, x) = g(t, 1x1, 46 x))Iu(t, x) if u(t, x) #O 
h(t, x) = g,(t, I4 0) if u(t, x) = 0. 
2.2. Pointwise Oscillation Properties 
In this section, we shall assume that 
h(t, r) = p(r), V(t,r)EJx]O, l[. 
In this case, pointwise oscillation properties will be established at any point 
x E Q\{ 0} by using an eigenfunction expansion of the solution. At x = 0, 
the obtention of oscillation results is, of course, only possible if the solution 
is smooth enough so that u(t, 0) is defined. This question will not be 
considered here. Also our present technique does not enable us to obtain 
pointwise oscillation results in the non-linear case. 
We consider separately the case n = 3, for which the results are more 
complete and easier to prove. 
2.2.1. The Case n = 3 
THEOREM 2.7. Assume n = 3 and let p E L;(a) n L”(Q). Let u E C(J, V,) 
be a solution of 
u,,-Au+pu=O in ~‘(Jx 8). (2.17) 
Assume that p > 0 a.e. on 52, and let x,, E Q\ (0) be such that u(t, x0) is not 
identically zero on J. 
Then u(t, x0) takes both positive and negative values on any subinterval I
of J such that )I] > 2. 
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Proof. With the notation of Lemma 2.2, u satisfies 
u,, - u, + p(r)u = 0 in ~‘(Jx 10, l[), 
Therefore Theorem 2.7 is an immediate consequence of Theorem 2.1.3 
of [3]. 
2.2.2. The General Case 
When n # 3 we cannot use the same method as above since the extra 
term (n - l)(n - 3)/4r* appearing in Lemma 2.2 is not in L”(Q) [even not 
in L’(Q)]. However, we can still prove a weaker oscillation result. 
THEOREM 2.8. Assume n 2 2, and let p E L;(Q) n C(Q). Let u E C(J; V,) 
he a solution of (2.17). Zf p 2 0 a.e. on Q and x0 E Q\ { 0}, the function 
t -+ u(t, x0) has at least one zero on any closed subinterval I of J such that 
III > 2. 
Proof. Consider the unbounded linear operator A on H = L;?(Q) 
defined by 
D(A)= (us I’,, -du+pu~H} 
Au= -du+pu, Vu E D(A). 
Then A is self-adjoint, positive, and onto with compact inverse. Let 
{Aj)je N* be the sequence of (simple) eigenvalues of A and { ~~~~~~~ a 
corresponding orthonormal system of eigenfunctions. Let E, be the linear 
span of u 1 .,APJ Then UncN* E, is dense in both V, and H. Moreover, 
if we consider on V, the equivalent norm ((1 /(( defined by 
then (2.17) can be written as a system in V, x H which generates an 
isometry group. Therefore we can take J = R. In addition, if u(O) = u0 and 
u,(O) = v,,, there exists a sequence (uI;, v;f) E E, x E, such that u; -+ u0 in V, 
and v;f + v0 in H. 
It follows immediately that we have 
SUPI lb”(t) - u(t)lll + Iat) - u,(t)l I + 0 as n+ +oo, (2.18) 
I‘ZJ 
where u”(t, x)cC(R; V,)n C’(R; H) is the solution of (2.17) with 
u”(0) = u; and u”(0) = u;f. 
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It is clear that for some sequences {pijlGiG,, and {cx~},<~<~, we have 
u”(t) = i pj cos(t fi + ocj)cp,. 
j=l 
Since the eigenvalues A, are simple, we have a~~/&( 1) # 0 for all j E N*. Let 
w”(t)= i pjcos(t~+!xj)cpi 
j= 1 
with 
PjVjCro) 
“= (dqj/&)( 1)’ 
and rOE 10, l[. As a consequence of Theorem 2.3 or 2.5 applied to w*(t, x), 
we obtain that aw”/dr(t, 1) must vanish at some ~,EZ. Also we can clearly 
replace Z by a sub-interval of length 2, still denoted by Z. As a consequence 
of (2.18) we have in particular 
Sup Iu~(~, ro) - 46 rdl -+ 0 as n-++cc. 
(El 
Therefore if t, + 7~ Z (which is achieved if we replace t, by a suitable sub- 
sequence), we find u(l, r,,) = 0. The proof of Theorem 2.8 is thereby com- 
pleted. 
2.3. Further Comments 
We conclude this section with a discussion of optimality for the various 
theorems. The following lemma will be helpful for this purpose. 
LEMMA 2.9. Let J= I-T, T[, let h E L’(J; L;(Q)) n L’(J, Ly(Q)) with 
q> 2 and q>n, and let u be a solution of (2.2)-(2.3). Let uO= u(O)E V, and 
v0 = u,(O) E L:(Q). Assume that the supports of u0 and u0 are both contained 
in { 1x1 < CY} for some tl E IO, 1[. Let z = Inf( T, 1 -a}. Then the support of 
u(t) is contained in (1x1 <cr+ ltl}for all tG C-T, T]. 
Proof This result is classical when 52 = R”. Let ii,, E H’(R”) be defined 
by iioln = u0 and ~5, = 0 elsewhere. We define similarly 5, and z. Let 
U”E C(J, H’(R”)) be the solution of 
a,,-LG+Ka=o in ~‘(Jx R”) 
ii(O) = 220, ii,(O) = 60. 
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Then Supp(ii(t)) c (Ix) <a + It]} for Jt) d T. Let w = ii,,. Then obviously w 
is a solution of (2.2)-(2.3) on the interval J = ] - z, z[. On the other hand, 
w(0) = u(0) and w,(O) = u,(O). Therefore w(t) = u(t) for all t E .Z. 
Now let h satisfy the hypothesis of Lemma 2.9, and E E 10, 1 [, 
u0 E g(Q) n V, with Supp(u,) c B(0, E). Assume that ] - 1, 1[ c .Z and let u 
be the solution of (2.2)(2.3) such that u(O)= u0 and u,(O)=O. It follows 
from Lemma 2.9 that &/ar(t, 1) = 0 on I = [ - 1 + E, 1 - E]. Therefore, 
under the hypotheses of Theorem 2.3 or 2.5, we can have &/&(t, 1) 3 0 on 
an interval Z of length arbitrarily close to 2. It follows that the condition 
(I( >, 2 is optimal in Theorems 2.3 and 2.5. 
On the other hand, let PELS(SZ)~L~(Q) with q>n and q>2, let 
E E 10, I[ and a0 E g(Q) n I/, be such that u0 z 1 on B(0, 1 -E). 
As a consequence of uniqueness of solutions to the Cauchy problem in a 
characteristic cone, the solution UE C(R, V,) of (2.5) with initial data 
u(0) = u0 and u,(O) = 0 is such that 
u(t)= 1 on {lx\ d 1 -E- It\} for ItI < l-6. 
Therefore u( t, E) = 1, Vt E [ - 1 + 2s, I- 2~1. Hence under the hypothesis of 
either Theorem 2.7 or Theorem 2.8, we can have u( t, x) > 0 for some x # 0 
and t E Z with )I\ arbitrarily close to 2, and the condition 111 >, 2 is therefore 
also optimal in Theorems 2.7 and 2.8. 
Finally, with E and u0 as above, and following the notation in the proof 
of Theorem 2.9, let u;f E E, be such that u; + u,, in V, as n -+ + ~0. Let U” be 
the corresponding solution of (2.5). Then u”(t) -+ u(t) in V,, uniformly with 
respect to t. In particular, for n 3 n,, large enough we have 
u”( t, E) > $ for te[-1 +2E, 1-2c]. 
Now the argument in the proof of Theorem 2.8 provides a solution 
w E C(R, V,) of (2.5) such that 
aw/ar( t, 1) = u”( t, E), VtER. 
Consequently, under the hypothesis of either Theorem 2.3 or Theorem 2.5, 
with h independent of t we can have au/&(t, 1) > 0 for all t E Z with 1 I( 
arbitrarily close to 2. (Choose u = w and let E -+ 0.) 
3. OSCILLATIONS NEAR THE BOUNDARY IN A GENERAL DOMAIN 
In this section, Q denotes a general bounded domain of R” with n 3 2. 
We set 
(3.1) 
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d= sup 11.x - yll. 
x E R 
YEQ 
Let od be the open ball of R”- ’ with radius d and center 0. Also let z0 E R” 
be such that the inlimum in (3.1) be achieved at z,, (with I(zOI( = 1). If 
x,-,~aB is chosen so that 
x0 . z. = yEii$x . zO), 
we have 
Szc {x,,) + {x~R”,O<x.z~<6(52)}. 
Lete=(l,O,..., 0) E R” and R E L(R”) be a rotation such that Rz, = e. Since 
Rx.e=x.E-‘e=x.z, for all XER”, we find 
R(S2 - x0) c ]0,6(52)[ x od. 
Therefore if c > 6(Q) and p > d, there exists E > 0 such that 
&x0-EZ~-R-‘(IO, c[ x0,}. 
When dealing with the solutions of (2) we can assume, without restricting 
the generality, that a c 10, c[ x o, with w := op. We now state our main 
result. 
PROPOSITION 3.1. Let Sz be as above, J an open interval of R, A E C(J) 
with II > 0 on J. Let v, defined on Jx R”, be such that 
v E C(J; H’(R”)) n C’(J; L*(R”)) n C*(J; H-‘(R”)) (3.2) 
(v,,-dv+I(t)v, cp)20 VtEJ,tl~pE’(R”)withrp~O (3.3) 
QtEJ, supp v(t) c 8. (3.4) 
Then if ) JI > 6(G), there exists t, E J such that 
v(t,, xl = V,(h), x) = 0 a.e. in R”. 
The proof of Proposition 3.1 relies basically on the following one-dimen- 
sional result. 
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LEMMA 3.2. Let c> 0 and 
Let 1 E C( [ -c/2, c/2]), w E C’(R), and f E C(R) be such that 
u’,, - WX.Y +A(t)w=f in 9’(K). (3.5) 
Assume in addition 
A(t) > 0, Qt E [ -42, c/2] (3.6) 
f(GX)>O, Q(t, X)ER (3.7) 
w(t,O)=w(t,c)=w,(t,O)=w,(t,c)=O, Qt f [-c/2, c/2]. (3.8) 
Then w E 0 in K. 
Proof. We remark that (3.5) implies w,,- wr,= Aw -f in 9’(Ki) for 
iE { 1,2}. As a consequence of [3, Lemma 1.3.21 applied in both triangles 
K, and K2, it follows from (3.6)-(3.8) that we have 
w(t, x) G 0 in K. (3.9) 
For convenience, we introduce 
W(t,x)=w(t,x)+w(t,c-x) 
F(t, x)=.0& x)+f(t, c-x) 
which are defined for (t, x) E K 
Then 
W,,- W,,=AW-F in 9’(K) 
W( t, 0) = W,( t, 0) = 0, Qt E [ -c/2, c/2]. 
Since WE C’(R) is even as a function of x - c/2 we also have 
W,(O, c/2) = 0. 
By Proposition 1.1 in [3] we find for all XE [0, c/2], 
(3.10) 
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and by computing the left derivative of this expression at x = c/2 we obtain 
Wx(O, 42) 
=(c/2)jT {w+mc/2-y, y)+(lW-F)(y-c/2, y,} dy. 
Since 1 W- Fd 0 in R we deduce (A W- F)(O, c/2) = 0 and therefore as a 
consequence of (3.6) and (3.9) 
W( 0, c/2) = 0. (3.11) 
Finally, by taking x = c/2 in (3.10) and comparing with (3.11), we conclude 
that WE 0 on R, and this clearly implies Wz 0 in 1% 
Proof of Proposition 3.1. Without loss of generality we may assume that 
[-c/2, c/2]cJf or some c > 6(Q), and fi c 10, c[ x w, with o an open ball 
of R”- ’ centered at 0. Let h(t) = u,, -Au + n(t)u and A = XI= 2(82/8x:), the 
(n - 1)-dimensional Laplace operator. Let {&}jEN. be the sequence of 
eigenvalues of (-A) in HA(o). We choose a corresponding orthonormal 
system of eigenfunctions {qj)jeN. with ‘pi >O in o. Let {P~}~,,, be a family 
of mollifiers in R” with pE > 0 and jRa pE dx = 1, Supp(p,) c B(0, E). We set 
uE(t) = PE * u(r), VtcJ 
h”(t) = pE * h(t), VtcJ. 
Then uE E C’(Jx R”), h” E C(J x R”) and for E small enough we have 
and 
SuppCo”(t)l c 10, cc x OJ 
SuppCWt)l c 30, cc x UJ for all t E [-c/2, c/2]. 
It follows from hypothesis (3.3) that h”>O on Jx R”. Also the generic 
point of R” will be written (x, y) with x=x1, y = (x2, . . . . x,). 
The definition of h” clearly implies 
ok - u”, - Au” + A( t)u’ = h” in JxR”. (3.12) 
For any jE N* we define 
d(tY xJ=j uE(f9 x, Y) cpi(.Y) &, V(t, X)E [-c/2, c/2] x [O, c]. (3.13) 0 
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On multiplying Eq. (3.12) by ‘pi and integrating over o we obtain 
w:[ - w:* + (A, + A( t))w’ = f,( t, x) in [-c/2, c/2] x [O, c] (3.14) 
With fj(t, X) = So h”(tv X, Y) cPj(Y) dY. 
Since fi B 0 on [ -c/2, c/2] x [IO, c we can apply Lemma 3.2 to w, and ] 
we obtain w’ ~0 in K, hence by (3.14) fi ~0 in K. 
Since h” 3 0 in K x w and cp, > 0 in w it follows that h” G 0 in K x w and 
therefore f/ = 0 in K x o for any j E N *. A second application of Lemma 3.2 
to J+> with j B 2 now provides w’ z 0 in K. 
In particular, for any x E 10, c[ we find 
By completeness of the system { cpj} iC N* in L2(o) we conclude that 
uyo, x, y) = $(O, x, y) = 0 V(x, y) E 10, c[ x 0. (3.15) 
Since the supports of u”(O) and u;(O) are contained in 10, c[ x w this means 
that o”(0) = u;(O) = 0 in all of R”. 
By letting E -+ 0 we obtain the conclusion of Proposition 3.1. 
We now derive our “semi-global” oscillation result, which is stated as 
follows 
THEOREM 3.3. Let B be a bounded domain of R" with piecewise C’ and 
globally Lipschitzian boundary r := Z2. 
Let J be an open interval, A E C(J) non-negative, and u: J x Q -+ R be such 
that 
u E C(J; H*(Q) n HA(Q)) n C’(J; HA(Q)) n C’(J; L’(a) (3.16) 
U&O a.e. on J x Q (3.17) 
u,, - Au + A( t)u = 0 a.e. on J x Q. (3.18) 
Then for any interval Ic J such that 111 > S(Q) we have 
Meas{(t,x)~Zx~,~u/&(t,x)>O}>O (3.19) 
and 
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Proof: It is sufficient to prove (3.19) since we can then apply the result 
to ( -u). Assume, by contradiction, that au/an 2 0 a.e. on Ix r with 
)I( > s(Q). For all t E Z we define v(t) E H’(R”) by 
u(t, x) = 
i 
46 x) if xE0 
0 if x#52. 
(3.20) 
Then u E C’(Z, H’(R”)) n C*(Z; L*(R”)) and 
u,(c x) = 
44 xl on 52 
0 on R”\S2 
u,,(t, x) = 
%(C x) 0nQ 
0 on Rn\Q. 
In addition, due C(Z, H-‘(R”)). Therefore u,, - dv + l(t)u =: h(t) 6 
C(I; H-‘(R”)). Since for all t EZ, Supp(o(t))cO by construction, u will 
satisfy the conditions of Proposition 3.1 as soon as we establish that 
h(t)>0 for all 1 EZ. Now for any q E H’(R”) with cp 20, and any t ~1, 
(3.18) and (3.20) provide 
(4th qp> =s,. { v,,cp+Vv.Vd+I(t)vcp} dx 
= s R {u,,cp+Vu.Vq+L(t)ucp} dx 
As a consequence of Proposition 3.1 we have v(t,) = u,(t,) = 0 for some 
t, E 1, which means u(to) = u,(t,) = 0. By uniqueness of solutions to the 
initial value problem for problem (3.16) and (3.18) we conclude that u=O 
on Jx s2. This contradiction completes the proof of Theorem 3.3. 
Remark 3.4. The oscillation time given by Theorem 3.3 is at least 
“almost” optimal in the sense that if (JJ < 6(Q) the conclusion may fail, 
even for 0 a ball in R” and u a spherically symmetric solution of 
(3.16)-(3.18) with a finite number of harmonics (cf. the remarks in 
Section 2.3). 
Remark 3.5. It is interesting to note that the oscillation time given by 
Theorem 3.1 only depends on “one dimension” of Q. For example, if 
Q = 10, c[ x B, where B is the unit ball of R”-‘, then d(Q)=2 for any 
c 22. So the result obtained in this paper becomes in some cases 
significantly better than the semi-global oscillation result announced in 
lI51. 
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Remark 3.6. It follows from [3, Theorem 2.1.11 that if n = 1 and 
s2 = 10, c[, we have a similar oscillation property with an “oscillation time” 
apparently equal to 2c instead of c. In that case, actually, the number 2c is 
optimal as shown by the example below. Therefore as soon as we consider 
the wave equation in n dimensions with n > 1, the oscillation time near the 
boundary is somehow divided by two! 
EXAMPLE 3.7. Let E E 10, l[ and II/ be a 2-periodic, C” function such 
that 
Ii/(s)= -1 on [0,1-r] 
I)‘>0 on ]l-&,l[ 
tit1 + s) = -W) for SE [l, 21. 
Then ~(t,x)=$(t+x)-$(t-xX) is a solution in C”(R, H~(]O, l[)) of the 
equation u,, - 2.4 ~~ = 0 on R x 10, l[ which satisfies 
U&t, 0) = 2$‘(t) B 0 on [0,2-c] 
-U,(f, l)= -2$‘(t+ l)>O on [0,2 - E]. 
Note that in addition, we have the symmetry property u(t, 1 - x) E u(t, x). 
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